Structure functions (Kolmogorv, 1941b)

2nd-order structure function:

Dij (’I",:I:, t) = [ﬂl (:1: + Tvt) — Uy (:Ii,t)} [’117 (:1! + Tvt) - 71]' (wrt)}v
which is a covariance of the velocity difference between @ + r and .

Local isotropy: For |r| < £, D;; is a function of = only independent of @. A
second-order isotropic tensor can be written Ad;; + Br;r;, thus,

o
D;j (r,t) = Dy (r,t) 85 + [Drr (r,t) — Dy (r,t))] ;QJ ;

where Dy 1 is the longitudinal structure function, and Dy is the transverse
structure function. It can be shown:
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Thus, in locally isotropic turbulence D;;(r,t) is determined solely by D (r,t).



Structure functions (Kolmogorv, 1941b)—contd.

First similarity: For |r| < £, D;; is uniquely determined by € and v,

Dy () = (er* D1 (1)

2/3

where Dy 1, is a dimensionless function (note that (er)?/3 has the dimension of

vel?).

Second similarity: For n < r < L,

Drp(rt) = ca(er)??,
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Dyy = £Dpp= e (67")2/3,
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Dij(rit) = ea(er)?/? (g‘szy -3 ;2]>

Thus, D;; can be determined by € and ca.



Structure functions (Kolmogorv, 1941b)—contd.

Saddoughi & Veeravalli (1994): NASA Ames 80 X 120 wind tunnel,
Res ~ 3.6 x 108, n = 0.09 mm, £/n ~ &/n ~ 12,000.

D11

(6)2/3 = c3~20
D2z — éc ?
(0273 = 3@’

The measured value was within +15 % of %CQ.



Karman-Howarth equation

The Kolmogorov hypotheses have no direct connection to the Navier-Stokes
equations. It is natural to try to extract useful information about the energy
cascade from the Navier-Stokes equations. Karman-Howarth equation is an
attempt through two-point correlations.

Consider

Rij (v, t) = u; (& + 7, t) uj (@, ).
Note that due to homogeneity, R;; is independent of !. Also note that
R;; (0,t) = ujuy; = ﬁéu
For homogeneous isotropic turbulence,

Rij (r,6) = @2 [g(r, )55 + {£(rt) = g(r. )} 57|

where
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g(r,t) =

where f(r,t) is the longitudinal auto-correlation and g(r,t) is the transverse (or
lateral) auto-correlation.



Karman-Howarth equation—contd.

Note:
Ry = u2f,
R22 = uzg = R337
R;; = 0 for i#j.

From the continuity equation, %Rij = 0, which yields,
J

_ 1,9/t
9(r1) = f(r.0) + 5r= i

Thus, R;j(r,t) is a function of f(r,t) only.



Karman-Howarth equation—digression.

Integral scales:

Taylor micro scales:
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Thus,

and similarly



Karman-Howarth equation—digression.

Taylor micro scale and velocity-gradient estimation:
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Karman-Howarth equation—digression.

Note that the estimate of the velocity gradient should be done using the Taylor
micro scale.
Recall for isotropic flows,

Taylor’s blunder: \g is, roughly, a measure of the diameter of the smallest eddies
responsible for dissipation.

The above statement is wrong since \/QT% is NOT the characteristic velocity scale
of the smallest eddies.



Karman-Howarth equation—digression.

Some comments on Taylor micro scale:

Let L = k3/2/e be the length scale of energy containing eddies, and

k1/2L k2
Re;, = = —.
14 €V
Then
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Ag (15%?) —1/2
7 = 3 = V10Re,,
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Obviously n < Ag < L. Although A, is mathematically well defined, it does not
have a clear physical interpretation.



Karman-Howarth Equation

For homogeneous isotropic flows,

%Ri]’ (r,t) = %ul (x+ 7, t)u; (x,t)

0 0
uj (x,t) &uz (x+7r,t) +u; (x+7r,t) Euj (z, ).

Use the Navier-Stokes equations to express Qul(a: +7r,t) and %uj (x,t) to get

ot
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where

u% (z,t)u1 (z + err, t)
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k(r,t) =

is the longitudinal triple correlation.



Karman-Howarth Equation—contd.

Note:
. - 1
Jimmy £(r) ,
lim k(r) = 0,
r—0
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Substituting into the K-H equation,
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i.e., we recover the kinetic energy equation for homogeneous isotropic flows.



Karman-Howarth Equation—contd.

@ The transfer of energy to small scales is accomplished by k.

@ If u(x,t) were a Gaussian, field, k = 0 since all 3rd order moments of a
Gaussian field is zero. Thus, the energy cascade depends on non-Gaussian
aspects of the velocity field.

@ Recall

1 1—
R(r,t) = o Uk (x + e1r, t)ug (x,t) = §u2Rkk (r,t)
1— f—g
= 5u2 (39+ ) T‘kT‘k)

e or
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2 o0
E(k,t) = ;/0 R(r,t) kr sinkr dr.

@ For a given model for k(r,t), solve for f(r,t) from the K-H equation, and
then compute the evolution of R(r,t) and E(k,t).

@ However, this still does not give a clear picture of the energy cascade. We
will directly examine %E(n, t).



Evolution of the Energy Spectrum

For homogeneous turbulence (see Hinze, 1975),

aE(n, t) = P(k,t) — %T(n, t) — 2vk2E(k, t).

@ P(k,t): production spectrum
o Pl ) = f:j P(k,t)dr, contribution to the production
from wave numbers (kg, Kp)
o P= P(o,oo) ~ P(07HE1)7 and P(KEI’OO)/P < 1.

@ T'(k,t): spectral energy transfer rate, which is the net rate at which energy

is transferred from wave numbers lower than x to larger than k
° f:ab D T(k,t)dk = T(kq) — T(ks)
o [o7— 6 —T(r,t)dx = 0 since T'(0) = 0 and T'(c0) = 0.
@ D(k,t) = 2V]€2E(H,t). dissipation spectrum, where € = fooo D(k, t)dk.



Cascade time scale:

The speed at which the energy travels through the cascade,

de Ter
dt  E(k)
€
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= —

Thus, ce~1/3k=5/3dk = dt. The time it takes from kq to Ky,
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= Cer [(mal) 0 (1)),

where 7 = L/k1/2 = k/e is the eddy turn over time for energy containing eddies .



From the time an eddy entering into the inertial range to the final dissipation,

Hkmr,00)

T%C {(K‘E[L)72/3 - (HOOL)72/3] .

Note that the second term on the rhs is zero, and
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In other words, the life time of energy once it enters the inertial subrange is just a
tenth of its total life time, 7 = k/e.



