Fourier Modes

For isotropic turbulence, K-H equation describes the dynamics of the two-point
correlation. However, it does not provide a clear picture of the energy cascade
process. Further insight can be gained from the N-S equation in the wave space.

u(@,t) =Y ak,t)e*®,

k

where @ is the Fourier mode of u, and k is a discrete wave number vector.

Fourier mode is particularly useful for homogeneous turbulence, which can
be regard periodic.

Artificially imposed periodicity in £, where £ > Lq;.
o u(x + NL,t) = u(x,t)

If u(z,t) is real, then w(—k,t) = ©*(k,t), where the superscript * denotes a
complex conjugate quantity.

@ Let Flg(x,t)] = g(k)

F (52 9@)| = ik;a(k)
F [V2g(x)] = —k%g(k), where k? = k? + k2 + k3.
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Fourier Modes—contd.

e F [%] = ik; fzj =ik -4 = 0, and the continuity equation in the wave space,
J
k-u=0,

i.e., @ is perpendicular to k.
@ Fourier transform of the Navier-Stokes equations

d . - . .
PR + Gy = —ikip — vk,

where GA%(k:7 t) is the Fourier transform of the nonlinear term %uzu]
J

@ Any vector wu, it can be decomposed into

u = ul+ut
ul = e(e-u), ut=u-—ul
@ In Cartesian index notation,
uy = ejejuy,
”U,ZJ‘ = Uj — €€5Uj

(015 — eiej) uj

= Pijuy,
where P;; denotes the projection tensor (i.e., project a vector into a
perpendicular component.



Fourier Modes—contd.

@ Poisson equation for pressure

3

—ik;p

@ Back to the N-S equation,

d . .
aui'f‘Gi

—ik;p — vk2d,
Gl — vk?a,,

—vk?a;



Energy Spectrum Function, One-Dimensional Spectra

@ Once we have 4;(k,t), we can compute various statistics:

Rij(k) = di(—k)u;(k) = a7 (k)u;(k),
Rij(r,t) = ZR”(k,t)ei’”,
wu; = Rij(0,t) ZR,J(k t),
Ek,t) = %ﬁj(k, t)ai(k,t) = ERii(k,t),
TKE = %Wz%:; Rii(k,t) = ;%E(k,t),

ety = > 2wk?E(k,t).

k



Energy Spectrum Function, 1-D Spectra—contd.

Recall

;5 (k,t)

(271r)3/7/ Rij (r,t) e F7T dp
Rij(r,t) = /7/ @5 (k1) e*T dk,

Ri;(0) = W:/7/q>ij (k,t) dk

Oui Ouj —_ // kpke®i; (k,t) dk,
Oxy, Oxyp
—o0

Ou; Ou; /7/ 2
= = k“®;; (k,t) dk.
¢ V@xk oxy, Y is (k1)
— 00




Energy Spectrum Function, 1-D Spectra—contd.

Energy Spectrum Function:

B(k) = /7/ S i (,0)5 (K| — ) b,

1 o0
2 0

m
Il

o0
/ 2wk E(k)dk.
0

For isotropic turbulence it can be shown,

P;j(k).
4mk? k2 (k)

T k2 Y



Energy Spectrum Function, 1-D Spectra—contd.

@ One-Dimensional Spectra, E;;(k1) is twice the one-dimensional F.T. of
Rij(eir1),

1 it —ikyr
Eij(lﬁ) =2 27 Ri]-(eyr)l)e 1 1d7“1.
a —o0
@ For i = j = 2, for example,
2 o0
Eas(k1) = ;/ Raa(erry) cos(kiry)dry,
0
2 o0
Ra2(r1) = ;/ FE22(k1) cos(kiri)dks.
0
@ Note that

o0
E2a(k1) = 2// Poo(k)dkadks,

i.e., sum over all ko and k3.



Energy Spectrum Function, 1-D Spectra—contd.

@ Similarly,

Ei1(k1) = %/OOO Ri1(e1m1) cos(kiry)dry,
Rii(r1) = %/Ooo E11 (k1) cos(kiri)dki.
or using f,
Ei1(k1) = %E/:o f(r1) cos(kyr)dry.

@ For isotropic turbulence,

E(k) =

o4 (1dBn
dk \k dk ’

(En(kzl) — ks dE“)

Eoo (k1) = Ik

1
2
1
2



